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Abstract

In this paper we show that, in linear models with an increasing number
of parameters, the estimator resulting from the maximization of Akaike’s
Information criterion is asymptotically equivalent to some Bayesian esti-
mators. The family of prior distributions which generates our estimators
are normal distributions, defined on the space of all sequence, and is char-
acterized by an exponential decay of the variance for the higher order

components of the parameter.

1 Introduction

In the case of finite-dimensional parameters, the theory of optimal estimation
is already well established and the theory is well presented in textbooks like
van der Vaardt (2000) and Strasser (1996). However, there is no comprehensive
theory of optimal estimators in the case of infinite number of estimators. One
of the classical optimality results is that of Shibata (1973), which shows under
some mild regularity conditions, the AIC criterion (Akaike, 1973) chooses the
best estimator among sieve estimators.

In this paper, we show the equivalence between a class of Bayesian estimators
and the AIC selection of sieve estimators. We make very strong assumptions

on the class of prior distributions. Suppose the parameters are drawn from
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helpful discussions. An earlier version of the abstract was published in the Proceedings of the
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such a prior distribution, the best estimator is then simply the estimator that
minimizes posterior risks given the data. Therefore when such priors are ap-
propriate, through the equivalence results, the AIC estimator is asymptotically
optimal among all other estimators. Many papers in the literature have justi-
fied certain information criterion based on a Bayesian rationale. Such as the
Bayesian Information Criterion (Schwarz, 1978) and the Posterior information
criterion (Phillips and Ploberger, 1994). Our paper differs from these literature
because our prior distribution is not dismissible asymptotically.

Consider the linear model of the following form

Y = 2w!B + uwn 1]

where the data is generated in the following way. There is a constant A € (0, 1)
such that §(; ~ N (0, A) independent over 4, and By does not vary with ¢. The
random error term wu, is iid N'(0,1). We assume that there are a number of
Tegressors T(y) = {Z(tn)tn=1,... and they are taken as given. Let the X be an
T x n matrix with orthogonal columns, and each column has Euclidean norm
VT. The number of regressors n is diverging in T that n = O(v/T). We call the
dth model the one that include all the first d regressors Xgz. Our main result
shows that asymptotically, the AIC optimal model choose the —InT/In A-th
model. If n grows slower than —In7'/In A, our result implies the largest model
is the best model.

The assumptions on the design matrix can be naturally satisfied in several
applications. For example, in estimating non-linear function using higher order
polynomials, one can apply the Gram-Schmidt process to X and obtain a set of
orthogonal regressors of polynomials in increasing degree. As an other example,
in factor models, usually the factors are estimated as principal components,
which are orthogonal regressors. The principal components are also ordered
naturally according to their variances.

The family of prior distributions is the following data generating process.

1We use subscript parathesis X(t) to indicate the tth item in the vector. If we use a
subscript X without parenthesis, it means the sub-vector consisting of the 1st to ¢tth item.



2 AIC and the OLS regression problem

We use the simple OLS estimator, when we select the first d regressors, the
estimator is
(X1 Xg) XY

and the AIC for d regressors is defined to be Z1n(6%(d)) + d where 6(d) is
simply the MLE estimator of the error when d regressors are included into the

regression. Hence

62(d) == (Y — Xg(Xa1Xq) ' XY WY — Xg(XarXg) 1 XqrY)

(I = Projq)(XnBn +uw) ! (I — Projq)(X,5B, + u))

(ﬂn/Xn/ijj‘Xnﬁn + u/ijj‘u — 2u/Projj‘Xnﬁn)

el T

Where Projg == X4(X4/X4)" ' X4 and Projdl := 1 — Projg. It follows from
the orthogonality of X that
04 *
* ]-nfd

where the 04 represents a d x d zero matrix and 1,,_4 is an (n — d) x (n — d)

X, IProjs X, =T

identity matrix. Hence

n T
. 1 2 .
6%(d) = Z 5(214) + T Z u%,i) - Tu/Prongan
i=d+1 i=d+1

We observe that

e since ;) is normal of variance A B(Qi) is a x7 distribution scaled by a

factor !, therefore it has mean A’ and variance 2%,

e Moreover, each u%i) is a x? random variable hand has expectation 1 vari-

ance 2.

2 Since u is a standard normal vector, we can specify the coordinate in whichever way
we want, hence the subscript (i) picks the dimensions that is exactly in the basis of ProjdL

and should not be confused with the subscript of the 8. Hence for example, au/Projj‘u —
u/Projj-JrCu is the sum of n — d independent x2(1) random variables scaled by (a — 1) plus
another C' independent x2(1) random variables.



e Denote %ulProde-Xnﬁn by e(d). It has expectation 0, whether one takes

B, fixed or not. Hence its variance is simply

4

ﬁE [ﬁn/Xn/Projj‘uu/Projj‘Xnﬂn] .

When we take 3, as given and take expectation over u, we get the condi-
tional variance given 3,. When we take expectation over 8 and u we get

the unconditional variance. They are respectively

7 Z B and = Z X = 41_A;dxl+1.

1=d+1 i=d+1
2.1 Comparing asymptotic AIC(d) and AIC(d + C) when
d:=—InT/In\

We want to give a bound on the probability that for a fixed large C', the probabil-
ity that AIC is minized at d+C as T' — oco. Such probability is bounded above by
limy_, o Pr(AIC(d) > AIC(d+C)). It is easy to see that AIC(d) > AIC(d+C)

for some constant C' if and only if
6%(d) > e2°/T52(d + C),

In other words

n T T
Z 5(22»)4-% Z u%i)—e(d ZC/T< Z /3 Z u%i)—e(d—i—C)).

i=d+1 i=d+1 i=d+C+1 z d+C+1

We rewrite it with a normalization 7/C on both hand sides and get

d+C
c Z Bl
1=d+1
T u 1 1 <
L r.2c/T 2 = 2 = 2
25(e U( > B+ts X “(i)) o 2 v
i=d+C+1 i=d+C+1 i=d+1

_ T ecyr T
ok e(d+C) + Ce(d)



The expectation of LHS is

d+C
TS o Tyenlod® A1-xC
C C 1—-A C 1-2X\

i=d+1

when we plug in d := —InT/In A. The variance of LHS is

o d+C 2 _\2C 21 y2C
T 2)\21-:2T2)\2d+21 A _2<)\)1 A

2 2 11— “\C) 1-)2

i=d+1

when we plug in d := —InT/InA. Hence the LHS is of order O(%).
On the other hand, the RHS has expectation

€2C/T71 n )
S| X Nea-a-0)) 1

i=d+C+1

2C/T -1 1 7)\n7dfc
eC(Tx”CH ) +Td0>1
2 ((cyl—A"C
= - 4T -d-C)-1-1
=T ()\ T + d-C —

by first plug in d := —InT/In A and take T — oc.
The variance of RHS is bounded by the following term multiplied by 2 (to

take care of the covariances)

EQC/T—l 2 ) n 0 T d+C 9
(C) T2‘ZA+.ZQ+.ZE
i=d+C+1 i1=d+C+1 1=d+1
T\? T\>
+ <c> ATV ar(e(d + C)) + (0> Varle(d)]
4 (042l = X0 g 2
— (2)\ — TAT-d-0) )+ 5
TN aerd 1= o (TN 412" 4
+<C>e i~ )
2 4 1-AC L 41—l
Tty Nt i

by first plug in d := —InT/In X and take T' — oc.

It can be seen that LHS is of order O(%). The first two terms in the RHS
equals 2 — @ which is a Chi-square C' degree of freedom variable multiplied
by a factor of —1/C and then translated two units to the right. The last two



terms is of order O(&). Moreover, it is clear that the above limits are uniform
for all C' € [0,n] as long as n/T — 0.
Therefore, for any large enough C' < n, the probability that LHS > RHS is

approximately

Pr(0 > 2 —1/Cx?(C)) =Pr(x*(C) > 2C)

> 1 C/2-1 —z/2
f— z d
/Zc EIN (7).

L T(C/2,0)
- T(0)2)
[c/2 -1 _ 2 ok
Slep-1t &k
[c/2-1]

Ok

-C

S2e kz T
=0

<9e-¢ O/ (6) o
o VrC\2

\/f@e)m,

where we used properties of the incomplete Gamma functiorﬁ and Stirling’s

approximation. Hence we conclude that as T" — oo the probability that d + C
minimizes AIC is bounded by /< (2e)~¢/2 for all large C.

2.2 Comparing asymptotic AIC(d) and AIC(d — C) when
d:=—InT/In\

On the other hand, we want to give a bound on the probability that for a
fixed large C, the probability that AIC is minized at d — C as T — oo. Such
probability is bounded above by limr_, Pr(AIC(d) > AIC(d — C)).

AIC(d) > AIC(d — C) if and only if ¢?/T4%(d) > 6%(d — C). Apply the
scaling AT to both hand sides, we rewrite the inequality in the following

3 Weisstein, Eric W., ”Incomplete Gamma Function”, MathWorld. (equation 2)



way:

)\C*l

n T d
T(e20/T _ 1) < > 8 +% > u(2l)> - ‘72 u%z)]

i=d+1 i=d+1 d—C+1
— XOTITe2C T e(d) + AC 1 Te(d — C)

d
2Ty B

i=d—C+1

Expectation of LHS is

n ) 1
C—-1 2C/T _ % — _ _
A T(e 1)<’ZA+T(T d)) C
i=d+1
1—M4 T _4q
_\C-1 d+1 .
e
—A\C-o

when we take d = —In7T/In A and then take T — oo. The variance of LHS is
bounded by two times the following:

AZOT2 (T — 1)) ( i 207 + %2(T — d)) +2C
i=d+1
1 \2C0-2 |:(T(620/T))2;{>\d+1 1 Ij")\*d N T2%)\d—C+1 1 1)\i;+0}
— A2 C? (2;2; ! _f n’A_Qd + Q(TT; d)) papzet 2 AT T _f HA_M et IZ AT _i_j -
—>4/\20‘1ﬁ + 4)\0‘1ﬁ

when we take d = —InT/In X and then take T' — oo. Hence the LHS is of order
O( \C/ 2)
Now consider RH S, it can be seen that

d
RHS =X°7'T > B > X8, ooy ~x*(1)
i=d—C+1

after taking d = —InT/In A.
Hence it can be seen that for any fixed large C', the probability that LHS>RHS



is bounded above by the probability that LHS> x?(1). This is approximately

£\C/2 2\C/2

1
Pr(\¢/? > i(1) = . ——— P Al RS / 7 2dy = \C/4
( (1) . Var(2) ;

for all large C'. Hence we conclude that as T' — oo the probability that d — C
minimizes AIC is bounded by \¢/* for all large C.

3 The Bayesian problem

Our Bayesian problem can be formulated in a slightly more general case of the
infinite dimensional space. However since there is no density function available
in infinite dimensional situations, finding the posterior measure in infinite di-
mensional space requires Radon-Nikodym derivative. A general treatment of
the subject can be found in Stuart (2010).

The standard result gives that the posterior mean vector of 3 is
. -1
=312 (21/2X/X21/2 +I) SY2X1(X B+ u)

Let Q := /2 (S12X/X 512 4+ 1) £1/2, then § = QX/(X B + u).

and the posterior variance covariance

Eposterior[(ﬂ - B)/(ﬂ - B)] = E1/2(21/2)(/2(21/2 + I)_121/2.

Since X/X =T1, B(i) = Ti‘/\ilﬁ(i) + T)\/\ii-t,-lX(i)/u' For any given 4, the second
term goes to 0 as T' — oo since X(;) and v are not dependent. On the other hand
% is approximately 1 for large T" and small 4, and approximately 0 for large
i. It can be easily check that the first term is approximately S(; for the first
—InT/In A—C coordinates, and they are approximately 0 for i > —InT/Iln A4-C
for some C' depends only on A. This shows that the AIC from the previous section

would select approximately the same number of regressors asymptotically.

4 Asymptotic equivalence

4.1 [? equivalence

Let B be the AIC estimate and B be the bayesian estimate. Then we have the

following two theorems.



Theorem 1 Under our assumptions, we have
Eu|3 - 31 = o (Eull8 - A1)

e.g. the difference between the estimators is a magnitude smaller than the esti-

mation error.

For some d* is optimally chosen by AIC between 1,2, ..., n, it is readily seen
that
B=(Xg1Xg:) ' Xget(XB 4 u) and § = QX/(XS + u)

Notice that the two estimates is of different dimensions, B has d* non-trivial
dimensions and we would fill the remaining dimensions with 0. Notice that by
definition, @ is a diagonal matrix. Hence we can write Q4+ be the top left d* x d*
square submatrix and Qg«4 be the (n — d*) x (n — d*) be the submatrix at the

bottom right cornor. Hence

And therefore, ||5~ - B||§ = ||5~ — B 2+ ||Bd*+||§~
Proof.

We can expand the expression and get

118 = BII3 =18 — Ba- 13 + ||Ba-+113
=[[(Xa1Xa-) " Xa- /(X B + 1) = Qa- X1a- (X B + )3 + [|Qa 4 X1a-1 (X5 +u)|[3
<N(Xag=1Xg=) ™" = Qar) Xa-1 X Bl[5 + ||Qa-+ X1a- + X B3
F((Xae 1 Xa) ™" = Qa) Xawrul[3 + [|Qar s Xy ulf3

d* 2 i 2
3 bo )", Zn: TN B
1+TN S Lt TX

=1

(X1 Xa=) ™ = Qa=) X1l |3 + ||Qar 4 Xl ul|3

The third and the fourth term can be separated into the norm contributed

from the first d* terms in v and the remaining terms. i.e.

1((Xa-7Xa:) ™" = Qa-) Xawrul[3 + [|Qar+ X1a- 4 ulf3
Z’U,/Xd* ((Xd* /Xd*)_l — Qd*)z Xd*/u =+ U/Xd*+Q§*+Xd*+/U



Take any C = Inlnd for d := —InT/In A, by our previous analysis, we have
that d — C < d* <d+ C as T — oo. Hence for T large enough, we can bound
the above expression by

(X1 Xa=) ™" = Qar) Xartul |5 + ||Qa+ Xa=ul|3

_ 2
<urXayo (XayorXare) ™ = Qare)” Xayotu+ wXa—cy+ Qo) X(a—c)+/u

Taking expectation over u the above expression can be expressed in terms

of trace, i.e. from E[uw/] = I we have
_ 2
=tr (((Xd+C/Xd+C) '~ Qayc) Xd+C/E[UUI]Xd+C) +tr (Q%dchX(dfCH/E[u“/}X(d*CH)

_d+C l_ )\2 2 + Z )\21
_,_ T 14+ XNT (14 NiT)?

i=1 C+1
d+C 1 T
Y et Y T
7 2
TN +1? T~
d+C
21 7)\T d+C
Bt T2 1—A
1 M\ d)\ C _ 1— )\T*dJrC
_ 1 T 2d 202
=\ L ey 20y —

Since A = 1/T and A\® = (Ind)™*, the above expression becomes

Pt (lnd)flnA B A1 i N (lnd)—mn)\ 1 — \T—d+C B (lnd)len)‘
Al—1 T 1172 T - = T
Therefore,
d* 2 n . 9
&0 TN By
]E - .
15 = Alz = Z<1+T>J ig;ﬂ T T
+ Eul|(Xae1Xg2) ™t = Qa) Xgo 1l 5 + Bu||Qav 4 X1ar s ull3
d+C 2 n i 2 oln
<3 UM Y 0N Y (Ui
14+ TN Bt 14+ TN T
d+C n ~
By N2 (Ind)~2nA
< TN B, fo)
Z (Tm > (TNBw) + =
i=d—C+1
for large enough T'. The first term has mean %)\’1% = O(M)

10



. _ —2d—2C _ Ind)—2nA .
and variance FA\T2A 1 = O(%), hence the first term is of order

—InX n— —3In X
O _"7) | The second term has mean T2 A3\ ~3C \3 1”\:(_/\;“0) = oW d)Td

. _ _ \6(n—d+C) Ind)—6m A
and variance 2T \6IN\ 0O N\O LA = o9 ), hence the second term

T2
. (1nd)731nA
is of order O(**“7——). Therefore we conclude that

T T T

EuHB—BHg < O((lnd;hw\>+0((lnd)31n,\>+0<(lnd)2ln/\) ) O(W\

On the other hand, we can get a Chi-square lower bound by comparing the

first d* terms in the true parameter 3 and AIC estimate 3.

18 = BI15 >|(Xawr Xa2) ™ X o /(X B+ 1) — B |3
= X g (X et Xge ) (X ge 1 X g ) " X g 1t

>uXg-c(Xa-c!'Xa-c) " (Xa—c'Xa—c) " Xa—clu,

hence the lower bound follows some scaled Chi-square distribution of d — C

degree of freedom. Taking expectation over u we have

Eu||8 — 813 >Eu[wXs—c(Xa-c'Xa—c) " (Xa—c!Xa—c)  Xa_ct]
:tr((Xd—C/Xd—C)_le—C/]Eu[UUI]Xd—C(Xd—C/Xd—C)_l)
_d-C
T
Therefore
Eull5 = BlI5 = o(Eu||8 - BI[3)

as T — oco. We have therefore shown that 3 and /3 are asymptotically equivalent

under 2 norm. m

4.2 Equivalence under linear projections

Not only the global distance between the two estimators is smaller than the
estimation error, this is also true for many of the linear projections of the esti-
mator. For all vectors B, B/(8 — f3)) is normal. We show that for all vectors B
satisfying some restrictions B/(3 — j3) is of smaller order than the standard de-
viation of B/(f5 — B)) For this to hold, we need to require that the components

of B = (bg;))2, are all of the same order of magnitude.

11
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" b? is of slow

Definition 2 We say the partial sum of a sequence S, = > ;"

S
lim 2"tC — 1
n—oo S,

Theorem 3 If B = (by;))i2, whose squared partial sum is of slow growth, then
BI(B — B3) is of smaller order than the standard deviation of B/(8 — ).

growth if for any constant C

Recall that we have

. 1+}\iTﬁ(i) + 1+}\iT%(X’u)(i) .
p—p = and B—f = | kB — i (X))

)\j
- IIAJ'Tﬂ(j) 1+)\JT (X))

where 1 <i<d*<j<nand 1<k <n.
When B/ = (b1,bs,...) is just a row vector, consider B/( — B), it follows a

mean zero normal distribution with variance

n bz‘ 2 ) )\Zb 2 d )\Zb 2
. : )T > )T
;<<1+>\1T) A +<1+>\1T> >_Z<1+AZT>

hence B/( — f3) is of order greater or equal to O(%)\/Z2 (b2 for d :
—InT/ln A\

To prove the theorem, we will show that B/(B — B) =o0 (\/ Z?le?) under

the assumption that Z?zl b? is of slow growth. Before we present the proof, we

first prepare the following lemma.

Lemma 4 Suppose Sg := Zf b2 is of slow growth, then for any A € (0,1), and
any constant C, and n such that limg_, o, d/n — 0, the following limits hold as

d— oo: e
d+C p2AdH+C—i ST b2 A
i—1 1 d—C
Zz 1 bz Zz 1 bz
4 Kapoor and Nautiyal (1981) studied classes of functions of various speeds of growth, our
definition of slow growth here satisfies the more general hypothesis (H, 4¢) in their paper, but
not necessarily the more restrictive ones (H,#t) — (H,v).

— 0.

12



Proof. To establish the first limit, observe that for any A € (0,1)
AXMNTE= ML (1)) YW
j=k—it1

Hence

d+C i d+C d+C d+C i
PO p2pdtC—i SO p2d Ot N (1= 35 b 2 g o N

Z?:1 b7 AS ASa
_Sarc ATt (1) i o BN
ASy ASy

The first term goes to 0 as d — oco. The second term can be decomposed into

two parts
d+C —d+C 24 7
j=1 i=d+C—j+1 by N
Saq
K d+C 217 d+C d+C 217
:ijl Zi:d+C7j+1 by N I Ej:KJrl i=d+C—j+1 by N
Sd Sd
K i d+C i —~d+C
< Zj:l A (Sd+C - Sd+C—K) + Zj:K-H A Zi=d+C—j+1 b? Sd+C
- Sy Sd+C Saq
K i d+C
<Zj:1 N (Sirc — Sayo—kK) N i 5 Sqrc
- Sa Sa

J=K+1

For any fixed K, the first term goes to 0, the second term can be arbitrarily
small by choosing K large enough and that S‘g—i’lc — 1. This establishes the first
limit.

To obtain the second limit, observe the following identity

k
No= ML (1= 0D N
i=j

13



Therefore

n—d+C ;9
Z] 1 b+d C)\

Zz 1b22
n—d+C n— n—d+C n— d C i
DY ) d+C+1+(1—>\)ZJ B i A
- Sd Sd
d+C
<>\n—d+C+1& + (1 - /\) ZZL 1 Z b2+d CA
- Sy Sa
S, (=D Y 02, oA (1= NS b2y N
<An7d+c+17n+ i=1 j=1"j4+d-C + i=K+1 j=1"j4+d-C
- Sq Sy Sq
K i n—d+C
<)\n—d+C+1& + (1 - /\) Zi:l A (SK+d—C - Sd—C’) + (1 - )‘) Zz K+1 A Sz+d7C
- Sq Sq Sd

For any fixed K the second term goes to 0 as d — oo due to the slow growth

assumption. Now observe that

k—d

SdJrz
Sk =S4
F H Sd-‘rz 1
by the slow growth assumption, there exists d such that if d > d, o= < A\~ 172,

Let &k > d > d, then
Sp < S k=d)/2,

Hence by choosing any K > C| the first and the third term is bounded by

n—d+C
)\n—d+c+1& + Zz K+1 A SZ+d—C

Sq Saq
n—d+C
S)\nfd+c+l)\f(n7d)/2 + Z )\iA—(i—C)/2
i=K+1

where the first term goes to 0 as n,d — oo since d/n — 0. The second term can

be arbitrarily small by choosing K large enough. This completes the proof. m
Now we proceed to the proof of Theorem 3.

Proof. Observe that B/(ﬂ~ — B) can be separated into four terms. We will show

14



that each of the four terms is of order o (\ / STd>

d* d*
~ b; b; 1
BB — < — B | + ——(X1u)
|BI(B — B)] _;:1'1 )\lTﬂ(M ;:1|1 )JTT( u) (i)l

n ; n ;

b, TN b\

+ > vkl | > 5w o)l
Jj=dr+1 Jj=d*+1

where the d* is determined optimally by AIC.

The First Term
Consider the first term, to show that it is of order o 1/% , we need to

show that for any M > 0 and for any e > 0 arbitrarily small, there exists T’
such that if T > T,

T b
P — — B M .
! <\/ Sd;|1+»:r5<”‘ ” > =€
From Section 2.1, we know that for any given large C,
d* b, d+C b,
r <§1+)\1Tﬁ(z)| > zz:; |1+)\1Tﬁ(z)> >

for some fixed 0 € (0,1), d := —InT'In X as T — oo. For convenience, denote
d* ; X d+C ;
Sy |55 By by B and Yo | =878 | by £€.

Pr <\/STE* > M)
=Pr ({\/Zz* > MY[{z" > 20}> + Pr ({\/Zz* >MY{Z" < zC}>
<Pr (£ >%9) +Pr <\/STZC > M) <59 +Pr <\/STZC > M)

Hence it is sufficient to show that Pr (, / S%ZC > M) goes to 0 for any C, M.

15



Since X.¢ is a positive random variable, by markov inequality,

LZE[xC]
T ¢ Sa
- < -
Pr (./Sdz >M> <

Since ¢ is a sum of half-normal random variable. We can calculate their

—(d+0)/2 +C
:\/5 M 3 by A C-0/2
T

i=1

d+C _iy/2 d+C
\p i Y CTRTES ey

\| X Ao/

expectations.

j=1
—cy/2 |dtC
\/5)‘ Z 2 \(d+C—i)/2 1
T T — 1—\1/2

where we applied quadratic mean inequality to get the second inequality. There-

T lE[EC]
P —3 M -
T Sd >
)\ C/2 Zd+0 b2)\ (d+C—
f V=

which goes to 0 by Lemma 1. Therefore, Pr (, / S%Z* > M ) is arbitrarily small

fore

for any M as T — oo. This shows the first term is of order o ( %

Other terms
For other terms, we can use similar arguments as above, by observing all the

following probabilities are exponentially small in C. L.e. by Section 2, for all T'

16



large enough, there exists a fixed § € (0,1) such that

- b; 1 a+¢ b, 1
P i (X ) L (X)) | <69
r(;'lwn( u)(”|>;|1+,\zTT( “)m) < 0%
~ TN & b; TN o
br Z |1+)\J'Tﬂ(j)| - > ‘1+AJT5<J)| < 6%
j=dr+1 j=d—C+1
bV N .
br Z |1+AJT(XU)(J>|> > |1+,\JT(X”)<J)| <o".
j=dr+1 j=d—C+1
In addition, observe that
e - e
Z | ———— = (X1u) || < \/> Z b2AGHC i,
~ 1+ XNTT ] \/1_— £
n bT/\J 1 2 )\70/2 n—d+C .
E Z | = —==80) ———— Z b2, 4 N2
j=d—C+1 1+XT | T/ (1= A\V/2)T o J
n b)\] ] n .
El > i 5gXmel| B Y [N (X))
j=d—C+1 | j=d—C+1
2 2 ¢ n—d+C

/A - NT

All these expectations go to 0 after multiplied with

Z b?l*C‘i’jAj
j=1

%, hence by similar

arguments for the first term, all four terms are of order o <1 / %) ]

We therefore conclude that

(3= ByBBI(3 —B) = o (8- ByBBIE - )

for all B of finite number of columns and each column B;y satisfies the slow

growth condition, i.e. 377 B(Qij) is of slow growth in n.

5 Conclusion

We have shown that the AIC model selection would select approximately the

same number of parameters as the Bayesian method. The interpretation is that
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suppose the information we have about the data generating is as described in
the introduction, then given our knowledge about the decreasing nature of the
B(i)’s, our best estimator would be the bayesian estimator 3. However usually
we cannot know the exact rate of decrease in the ((i)’s, and hence there is
usually no way of constructing such bayesian estimator in practice. The above
analysis shows that we do not need such a bayesian estimator because applying
the AIC to sieve estimators results in a good approximation to the Bayesian
estimator. Therefore it is optimal compared to every other estimator.
Moreover, although we have analyzed when Jz(ﬁ(i)) = M for A € (0,1),
it can be seen that the above argument carries through as long as o2 (Besy) is
decreasing even faster than exponentially in ¢. Hence AIC is approximately
the best estimator as long as the prior knowledge for 3(i) indicates an at least

exponentially decreasing variances in 1.
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